Abstract. The Hardy-Littlewood inequalities for multilinear forms on sequence spaces state that for all positive integers m, n ≥ 2 and all m-linear forms T : ℓ n
≤
Cm sup From now on, for any function f , whenever it makes sense we formally define
and, as usual, for s ∈ [1, ∞] and a positive integer n we define ℓ n s = K n equipped with the ℓ s -norm (sup norm if s = ∞); also, e j represents the canonical vector of c 0 with 1 in the j-th coordinate and 0 elsewhere.
The classical Hardy-Littlewood inequalities can be stated as follows: |T (e j 1 , . . . , e jm )|
|T (e j 1 , . . . , e jm )|
for all m-linear forms T : ℓ n p 1 × · · · × ℓ n pm → K and all positive integers n.
, we recover the classical BohnenblustHille inequality. Using the generalized Kahane-Salem-Zygmund inequality in (1.1) and Hölder's inequality in (1.2) it is possible to conclude that the exponents are optimal: if replaced by smaller exponents the constants appearing on the right-hand-size will depend on n.
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The precise growth of the constants C K m,p , 0 ≤ [2, 3, 5, 6, 8] ). For example, among other results, it was proved in [5, 8] that for 2m(m − 1) 2 < p ≤ ∞ we have
for certain constants κ 1 , κ 2 > 0, where γ is the Euler-Mascheroni constant.
On the other hand, the case 1 2 ≤ 1 p < 1 was virtually unexplored and only recently in [1, 7] is that the original estimate was improved. Our main result generalizes some of the main results of [1, 7] .
One of the main results of [1] is the following result: |T (e j 1 , . . . , e jm )|
As a consequence, when m < p 1 = · · · = p m = p ≤ m+1, the optimal constants of the Hardy-Littlewood inequalities are uniformly bounded by 2. In fact, for m < p ≤ m + 1 we have
for all m-linear forms T : ℓ n p × · · · × ℓ n p → K and all positive integers n. Another important contribution in this setting ( 
for all m-linear forms T : ℓ n p 1 × · · · × ℓ n pm → K and all positive integers n. Our main result generalizes Theorem 1.2 and has as a consequence a more general result than Theorem 1.3. It is important to mention that the proof of our main result is not just an adaptation of the original proof of 1.2 and that the proof given in [7] for Theorem 1.3 is, in some sense, very extensive and complicated. Our approach is simpler and more self-contained.
Main results
We begin this section by recalling some important auxiliary results that will be essential to our purpose.
An important auxiliary result that will be used along this note is the Khinchine inequality for real and complex scalars. More precisely, the Khinchine inequality assures that for any 0 < q < ∞, there are positive constants A K q such that regardless of the positive integer n and of the scalar sequence (a j ) n j=1 we have
where r j are the Rademacher functions. The next result concerns the multilinear theory of absolutely summing operators initiated by Pietsch [16] . It was proved very recently by Albuquerque and Rezende in [4, Theorem 3] and also will be essential for us. First, let us present some required definitions. Let B E * be the closed unit ball of the topological dual of E. If 1 ≤ q ≤ ∞, the symbol q * represents the conjugate of q. It will be convenient to adopt that c ∞ = 0 for any c > 0; for s ≥ 1 we represent by ℓ w s (E) the linear space of the sequences (x j )
The space of all continuous m-linear operators T :
We represent the class of all multiple (q; p)-summing operators by Π m (q;p) (E 1 , . . . , E m ; F ). When
by Π m (q;p) (E 1 , . . . , E m ; F ). For recent results on the theory of multiple (q; p)-summing operators we refer to [15] . Theorem 2.1 (Albuquerque and Rezende [4] ). Let m be a positive integer and r ≥ 1, s, p, q ∈ [1, ∞) m be such that
and, for each k = 1, . . . , m, q k ≥ p k and
. . , E m ; F ) for any Banach spaces E 1 , . . . , E m , F and the inclusion operator has norm 1. Now we are able to present our main result. 
for all m-linear forms T : ℓ n p 1 × · · · × ℓ n pm → K and all positive integers n, where
Proof. For the sake of simplicity let us suppose that p k 1 = p 1 , . . . , p ks = p s . Since
it follows from the Theorem 1.2 that
|T s (e j 1 , . . . , e js )|
for all s-linear forms T s : ℓ n p 1 × · · · × ℓ n ps → K and all positive integers n. In view of the Kinchine's inequality we have, for every n and all (s + 1)-linear forms T s+1 :
T s+1 e j 1 , . . . , e j s+1 r j s+1 (t)
where A K, T s+1 e j 1 , . . . , e j s+1 Our approach is different and we believe it is more self-contained.
